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AHHOTaU,HH 

For an interval E = [a, b] on the real line, let /i be either the 
equilibrium measure, or the normalized Lebesgue measure of E, and let 
denote the associated logarithmic potential. In the present paper, 
we construct a function / which is analytic on E and possesses four 
branch points of second order outside of E such that the family of the 
admissible compacta of / has no minimizing elements with regard to 
the extremal theoretic-potential problem, in the external field equals 
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1 Notations 

Throughout the paper, we use the following notations. 
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M{K) - the space of all positive unit Borel measures /i with supports 
S'(/i) = supp fi <Z K, where is a compact set, K G C. 

6z - the Dirac measure at a point 2 ;. 

For a finite set E = {ei,..., e„} of points (counted with their multiplicities) 
on C, we introduce the measure 6e ■= 

For a polynomial Q of degree n, we denote 6q := where {zi, ..., Zn} 

are the zeros of Q. 

We define a spherically normalized potential of the measure /i by 

v^{z) = [ log I ^ M t) + [ log ^ , M t). (1) 

cap,^ K denotes the capacity of the compactum K in the presence of the 
harmonic external field V’ (fhe so-called -^-weighted capacity). It is known 
p8[ that cap^ K coincides with the transfinite diameter d^K of K in the 
field tjj, that is 

d^K ■= lim f max IT |z„ — ^ ~ . (2) 

n^oo\ zi,...,z„£K / 


Let '0 = S{^)r\K = 0. For the sake of simplicity we write cap^ K := 

capy-M K. 

Consider a sequence of compacta {Kn}-, n = 1,2,.... It is known ||^ 
that if each Kn is a union of a finite number of continua (the number does 
not depend on the index n ), such that Iim„^oo En = K (in the Hausdorff 
metric, see (^-(|2j) below) and if S'(/i) fl iF = 0, then 


lim cap Kn = cap K. (3) 

cap K denotes the standard capacity of the compactum iF C C in the absence 
of an external field, i.e. when = 0. Since V^°°{z) = 0 for all G C, then 
cap K = cap K. 

Given an open set D, we say that a sequence of functions {Rn\'^=i converges 
in capacity to the function / on compact subsets of D, if for every K G Q 
and each e > 0 


lim cap{ 2 ; G iF : \{Rn - f){z)\ > e} = 0; (4) 

n^oo ' ' 

we use the notation 

-Rn ^ /, 2 : G D, n —)■ cx). 
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The notation A /i is used for weak convergence of a sequence of measures 
Hn to the measure /r as n —)■ oo. Recall that 

/in as n —)■ oo lim / fd^n = / /d/i, (5) 

n^ooj J 

for each function / continuous on C. Also recall that from each sequence of 
unit measures one can extract a convergent subsequence. 

We denote by gxi^, C) Green’s function of the complement C \ A' of the 
compactum K, with a pole at ( E C \ K. (We let () = 0, if the points 
z and ( are contained in two separate components of C \ A'.) 

G^{z) = J gK{z,t)dg.{t) is Green’s potential of the measure /i whose 
support S{g,) does not intersect the compactum K. 

Now let S{fi) nK = 0. Let us remind the notion of the balayage JIk of a 
measure /i onto the compactum K. By definition, the balayage is the unique 
measure in the space M{K) for which the equality 

Gxi^) = + <, ^ e C, (6) 


holds quasi everywhere, i.e. except for a set of zero inner capacity; is a 
constant. In the particular case when fi = from equality (P) we obtain 
that 

gxiz^oo) = V~^^{z)+ wk, zeC, ( 7 ) 

where Xk is the equilibrium measure of the compact set K (the balayage of 
the measure fi = S^o onto K) and wk is the Robin constant for K. 

We denote T the class of compacta F of the form F = lJs=i7s) where 
each 7s is an open analytic curve such that the set C \ 7^ is connected and 
7s n 7j = 0 for every s, f = 1,..., p, s 7 ^ f. If A = lJs=i 7s ^ then we use 
the notation Fq for the set ULi7s. 

Assume that S{fi) H F = 0. We say that the compactum F is symmetric 
in the external field V~^, ii F E F and the equality 


dGfjz) 

dn+ 


dGfjz) 

dn_ 


z E Ao, 


( 8 ) 


holds, where the normal vectors n+ and n_ are taken in opposite directions 
on A. In other words, K is said to be an S'-compactum in this field. 

For the purpose of the present paper, there is no need to provide the 
general concept of symmetry of a compactum located in an arbitrary harmonic 
external field -0 (cf. ||T 0 |). 
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£m stands for the class of compacta C C of the form E = ur=i^.> 
where , Em are pairwise disjoint continna in C (some of the latter may 

consists of a single point). 

A{E) represents the class of fnnctions /, dehned on E = U^i 
that each restriction fj = flsj, j = is holomorphic on Ej and 

admits an analytic continnation along every path in C, not passing throngh 
a hnite point set Af., where contains at least one branch point of fj. 
SetAj = [j-Aj^. 

Let E = \_\j^iEj G Sm and / G A{E). We denote by Aej the family 
of compacta K G C snch that K H E = 0, and each fnnction fj = /|e^. is 
holomorphic (i.e., analytic and single-valned) in that connected component 
Dj of C\K, which contains Ej] fj = f^ if Dj = D^- We shall refer to these 
compacta as admissible compacta for the fnnction / G A{E). 

2 Statement of the problem and discussion 

Let E G £m, f G A{E), and /x G M{E). Recently, special attention has been 
paid to the existence problem of an admissible compactnm E minimizing the 
weighted capacity; i.e., whether there exists E G Aej snch that 

cap^ E = inf cap^ K. (9) 

If the problem is solvable, then we say that the class of compacta Aej 
contains a minimizing element with respect to the measnre /i (or, eqnivalently, 
to the held V~^). Otherwise, there is no minimizing element with respect to 
/i. If snch an element exists, for brevity let ns call it a ‘/i-minimizing element’. 

In the particnlar case, when 

B = {oo}, fi = i5„o, /(z) = a-i)- ■ - (z - a,) - z, / 6 ff({oo}), 

( 10 ) 

the above mentioned problem coincides with the well known Chebotarev 
problem on the existence of a continnnm of minimal (standard) capacity 
among all continna which contain the points Oi,..., a^. Chebotarev’s problem 
was solved in the 1930’s by G. Grotzsch, and independently by M. A. Lavrentiev. 
G. Grotzsch ||^ carried ont the proof of the nniqneness of the extremal 
continnnm, following his ‘strip method’. Under the additional basic assnmption 
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that the continuum in question is a union of analytic curves, M. A. Lavrentiev 
|[T9[ , solved Chebotarev’s problem applying a variation-geometrical approach. 


In a series of articles from 1946 through 1951, G. M. Goluzin created his 
own method, different from the earlier approach introduced by M. Schiffer; 
namely, the so-called method of internal variations. Applying his method, G. 
M. Goluzin solved Ghebotarev’s problem in terms of quadratic differentials 
(see [llTfl). 


Theorem of Goluzin ((see f^)). Under conditions (10), the family of 
compacta ^{oo}j possesses a unique minimizing element F with respect to 
the measure Soo (or, equivalently, to the field = Oj. The continuum 

F does not separate the plane; furthermore, F is a union of the closures of 
the critical trajectories of the quadratic differential where A[z) and 

B[z) are monic polynomials, A[z) = [z — ai).. .{z — Og), B[z) is of degree 
q — 2 and uniquely determined by the polynomial A. Green’s function g{z, oo) 
of the domain C\F with pole at infinity is given by 

g{z, oo) = Re f a/ B{t)/A{t)dt. 

J a 

The information about zeros of the polynomial B{z) results from conditions 
related to the connectivity of the union of the closures of the critical trajectories 
of the quadratic differentials -j^dz'^. The explicit evaluation of B{z) is a 
very hard problem studied, so far, only in the case q = 3. For details on 
Ghebotarev’s problem, and some other related problems in the theory of 
functions, as well, the reader may be referred to [ 0 , 0 , m- 

Note that Ghebotarev’s problem concerns a concrete function / ([TOD . In 
contrast to it, in the eighties of the last century H. Stahl gave a positive 
answer to the general problem of existence of a minimizing element in the 
class A.{oo}j for an arbitrary function / in ^({cxo}). Furthermore, Stahl 
described the extremal compactum F in terms of a quadratic differential. He 
established its symmetry property (in the absence of an external field) and 
using the symmetry, deduced that the classical diagonal Fade approximants 
converge in capacity to the function / in the domain D := C\F. The latter 
is known as Stahl’s domain; see PD||-[P^. 

We remind the reader of the definition of the classical diagonal Fade 
approximant Rn of a function / G "Hdoo}); that is = Pn/Qn, where 


deg Pn ^ n, deg Qn <n, 0, 


( 11 ) 
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and 


(Qnf-PnKz) 



z ^ oo. 


( 12 ) 


Here, and in the sequel, we denote 'H{E) the class of functions holoniorphic 
on E (i.e., in some neighborhood of E). 


Theorem of Stahl . Let f G ^({oo}). Then there is a compactum E 6 
•^{oo},/ such that 

1°. E is of minimal capacity; i.e., 


cap E = min cap K . 


2°. E is symmetric (in the field V~^°° = 0), and the complement C\E is 
connected. 

3°. Let Rn = Pn/Qn, Ti = 1, 2,..., bc the classical diagonal Fade approximants 
off. Then 

—Sn^ A /i^ and f, z & C\E, as n —)■ oo, 

n 


where /i^ is the equilibrium measure of P. The convergence is characterized 
by the relation 


if - Rn){z)\^^'' 


We note again that in the special case when E = {cxd}, the external held 
is absent (i.e. = 0) and / G ^({cxo}), statement 1° of Stahl’s Theorem 

yields, in essence, a positive answer to the existence of the (5oo-minimizing 
element in the class .ftjoo},/- 

It turned out later that the implication 1° ^ 2° in Stahl’s Theorem 
remains valid in quite more general situations. E. Rakhmanov and 
A. Martinez-Finkelshtein (see also [p3| , PI) proved, using the 


variational method, that the /r-minimizing element E in which consists 
of a hnite number of continua is necessarily an A-compactum in the external 
held V~^. In pl|, the case of a discrete measure /i consisting of hnitely many 
point masses was treated. In the present paper, we consider the case of a 
general measure p,. The variational method introduced by Rakhmanov and 
Martinez-Finkelshtein is crucial for the proof of the following theorem. 
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Theorem 1. Let E = U^i^ f ^ /i G M{E), ^{Ej) > 0, 

j = Suppose that the p-minimizing element E in the class ^ej 

consists of a finite number of continua. Then E is symmetric in the external 
field V~^ and C \ E = IJ^i Ej, where Dj D Ej. Moreover, the domains Dj 
and Dk, j, k = 1,... ,m, either do not intersect one another, or coincide. 

Assume that K is the //-minimizing compactum in ^ej- h is worth noting 
that it is not difficult to hnd a compactum E K consisting of a hnite 
number of continua and belonging to ^ej- The particular case when all 
compacta Ej are single points {ej}, j = 1,... ,m, was considered in p. 

The implication 2° ^ 3° in Stahl’s Theorem can be extended to the more 
general case of multipoint Fade approximants; for the dehnition see below. 

Let En = , en, 2 n+i\ be a point set in the extended complex plane 

C (each point preserves its multiplicity), and let 

= n n 

lejKl |ej|>l 


be a spherically normalized polynomial associated with the set E^. Suppose 
that / G 'H{En). 

The multipoint Fade approximant of order n of the function / (at the 
points in E^) is the rational function Rn = Pn/Qn determined by o and 
by 


fQn - Pn 


iWi 


{z)eR{Enr\C), 


( 13 ) 




fQr 


OJi 


(z) G HiEn n {oo}) 


(14) 


{ii En C] C = 0 or En H {cxd} = 0, then condition ( 0 ) or ( 0 ), respectively, 
fails). 

The special case ei^n = ■ ■ ■ = e 2 n+i,n coincides with the concept of classical 
Fade approximant of / at inhnity, if = cxo (or at zero, if = 0). 

Everywhere below we assume that / G 'H(E). Furthermore, we assume 
that the sets En = {en,i, • • •, e„, 2 n+i}, n = 1, 2,... , of the nodes of interpolation 
are located on E, and their limit distribution is described by 



n ^ oo. 
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For tables of interpolation nodes, satisfying the above conditions we adopt 
the notation 

Let F E E, and hi be a neighborhood of the compactum F. We denote 
\ P) the set of all functions / which are holoniorphic in fl \ F (or 
piecewise holoniorphic, if hi \ F is not connected), and possess continuous 
limit values from both sides on the arcs of Fo\ B, where B = B{f) is a 
certain compactum of zero capacity, wherein the jump Xf of f does not have 
zeros on Ff)\B. 

A. A. Gonchar and E. A. Rakhmanov proved 113 a fundamental theorem 
(see also |[^) on the asymptotic behavior of the zeros of polynomials, satisfying 
non-Hermitian orthogonality conditions on a compactum which possesses the 
symmetry property. The notion of symmetry of a compactum F E E was 
introduced in the present paper only for the case of harmonic fields of the 
form 'ip{z) = V~^{z) with S{^) fl F = 0. For this reason, we formulate 
Gonchar-Rakhmanov’s theorem only for harmonic fields of such type. 

Theorem of Gonchar—Rakhmanov . Let F (Z C be a compactum of 
positive capacity, G a neighborhood of F, and /x G M{C\Q). Assume that the 
sequence of functions and the function f satisfy the following conditions: 

1°. are holomorphic in Q,n = 1,2,, and 

2°. F is symmetric in the external field V~^. 

3°. The complement C \ F is connected, 
f Enoin\F). 

If the polynomials Qn, degQn ^ n (Qn ^ 0) satisfy the orthogonality 
conditions 


Qn{t)d/n{t)f{t)Fdt = 0, n = 0,l,...,n-l (n = l,2,...), (15) 


then the following statements are true: 

(i) Lf as n ^ oo, where JIf stands for the balayage of p. onto F. 

(ii) if Qn are spherically normalized, then 


Ql{t)d/n{t)f{t)dt 


t — z 


l/n 




zEC\F, 


where Wp is the constant from 


(16) 
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As a corollary, Gonchar and Rakhmanov deduced the following result. 

Corollary of Gonchar—Rakhmanov theorem . Let F be a compactum 
symmetric in the field V~^, where fi G M{E) and EnF = 0. Suppose that the 
complement C\F is connected and let {Rn\'^=i be the sequence of multipoint 
Fade approximants Pn/Qn of the function f E 'Ho(C \ F), associated with 
the {E, p)-table of nodes of interpolation. Then 

(i) ^ V'F, where Jlp means the balayage of p onto F. 

(ii) Pn{z) f {z), z E C\F. The rate of convergence is given by 

Subsequently, it was proved P| that under the condition = V~^{z), 
the requirement 3° in Gonchar-Rakhmanov’s theorem concerning connectivity 
of the complement C \ F, can be weakened to the condition that each 
connected component of the complement C \ F contains a nonempty inner 
boundary arc. For details, the reader is referred to p and p. 

Theorem ^ and the Gorollary of Gonchar-Rakhmanov’s theorem are focused 
on the fact that the positive solution of the /i-minimization problem in the 
set ^E,f is of crucial importance in the theory of rational approximations. 
Below we list some cases when a positive answer has been already achieved. 

In each of these cases, the following line of reasoning is used. 

Let Fn, n = 1,2,... be a sequence of compacta in ^ej, each of them 
being a union of a hnite number (independent on n) of continua, and such 
that 

lim cap„ Fn = inf cap K. 

n^oo ^ ^ 

Suppose that there is a mapping T: C —)■ C with the property 

T{Fn) E Hej , cap^ T{Fn) ^ cap^ Fn and T(F„) C C \ G, 

where G is some neighborhood of the compactum E which is independent 
on n. Then, extracting from the sequence {T(F„)}(^^ a subsequence which 
converges to some compactum F = lim„gAF(F„) in the Hausdorff metric, 
and applying equality (§), we obtain the equality 

cap F = lim cap T(F„) = inf cap F. 

^ nsA ^ K&Rej ^ 

It is not difficult to check that F G ^ej- Thus, the compact F solves the 
/x-minimization problem in the set ^ej- 
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While proving the first statement of his theorem, H. Stahl showed that if 
all singularities of / G ^({cx)}) are located in the disk Ur = {|^| ^ -R}, then 
as the mapping T one can take the radial projection Tr onto the disk Ur, 
that is 

Trz = z, for \z\ ^ R, 

The case of the so-called two-point Fade approximants when E = ({0} U 
{oo}) G ^ 2 , / G and the measure /i = -^as considered in p. It 

was shown that as the mapping T one can take the radial projection onto 
the annulus ^ |^| ^ R} {0 < r < R < oo), which contains the set 

Af of the singularities of /. The mapping T = T^^r is defined as follows 

Tr^RZ = z, for 2; G Ur,R, 

Tr,RZ = z^^, foT\z\<r, 

Tr,RZ = z-^^, for|2;|>i?. 

The proposition used in on the decay of cap^ K under radial projection 
onto the annulus Ur,R is no longer true if /i 7 ^ Nevertheless, it was 

shown in |P| that the posed problem is also solvable, if = ur= ; 1 ■{ Cj ]■ ^ £m 1 
f G A{E), fx = Y.J=iPj^ej e M{E) (Pj ^ 0, J2Pj = !)• 

The solution of the problem is also positive in the case when E ^ Ei, 
E C {|z| ^ 1}, /i G M{E) and / G A{E) such that Af C Ur = {|z| ^ R}, 
R < 1. More exactly, L. Baratchart, H. Stahl and M. Yattselev established Q 
that the mapping Tr onto the disk Ur, as defined above possesses the desired 
properties. To be precise, we present their result in Q in the form that is 
suitable for the purpose of the current paper. 

Theorem of Baratchart—Stahl-Yattselev . Let E E Ei, E {\z\ 1}, 

/i G M{E), f G A{E) and Af d Ur = {\z\ ^ R}, where R < 1. Then 
there is a p-minimizing element E in the family Arj and E C Ur. This 
p-minimizing element E is symmetric in the external field V~^, and E is a 
union of closures of the critical trajectories of a quadratic differential. 

Note that in a general case the minimization problem in Arj with respect 
to the measure (with no additional assumptions) may not be solvable. This 
may happen in the case of G Em, p G M{E) and / G A{E), selected in a 
special way. In fact, it is easy to construct a continuum E E Ei, a. measure 
p E M(E) and a function / G A{E) such that the inequality 

cap^F> inf cap^it:. (17) 
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holds for every F G ^ej- 

In the present paper, we show that such an example applies not only to 
the case when E E 8i and fi G M{E) selected in a special way, but also to 
the concrete simple continuum E = [a, 6], for some sufficiently wide class of 
natural measures supported on [a, 6], and appropriate functions / G A{E). 

More precisely let E = [a, 6] C C. Denote M{E) the subclass of all 
measures /i from class M{E), such that the logarithmic potential of /i, V^{z) : = 
— f log \z — t\d^(t), is continuous at some inner point zq = ^o(h) of the closed 
interval E, and the condition 


jimh({k-2:o| ^t}) = 0 

t—>-0 


(18) 


is satished. We can easily see that both the equilibrium (Chebyshev) measure 
for E, and the normalized Lebes^e measure, possess these properties, and 
thus they are both contained in M{E). 

Theorem 2. Let E = [a, b] E C be a closed interval, /i G M{E). There exits 
a function f G A{E) such that the jx-minimization problem in the family 
of compacta Aej is not solvable. 


To conclude this section we remark that in view of Theorem ^ the 
/i-minimizing compactum from the set Aej with respect to the measure /i 
possesses an S'-property. The existence of a compactum with the S'-property 
is crucial not only in the study of distribution of zeros of orthogonal 
polynomials, but also in the derivation of the formulas of strong asymptotics, 
on the basis of the matrix Riemann-Hilbert method, and other methods as 
well (see H, 11, [§, i, [ 0 , i, i, 0, 0, |T1). 

The results of the present paper were partly announced in |]^. 


3 Proof of Theorem |t] 


Under the conditions of Theorem [^, the p-minimizing element E in the class 
Aej, where E = ^ G M{E), consists of a hnite number of 

continua. Let R/ = UJli i the set of all singularities of 


feA{E). 

Fix w E C \ E and write h,j^{z) = , where Ap{z) = nf=i(^ ~ ®/)- 

Applying standard arguments, we dehne the mapping (“variation”) z ^ z^ = 
z + thyj[z) (see |0, [0, |0), where f G C is a complex-valued parameter. 
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If t is small enough, say 0 < |t| ^ £o) then the mapping is univalent in a 
neighborhood of F. Furthermore, F i—)■ z G F} = F/*, the set Af of the 

singularities of / remains stable under the mapping 2 ; 1 —)■ z^, and the measure 
u G M{F) maps to the measure G M{F^) where = v{B) for every 

B^ C F/*. Thus, dv^{z^) = du{z). Taking into account the definition of the 
class A{E), the stability of the set Af under the mapping 2 ; 1 —)■ z^ and the 
condition that F consists of a hnite number of continua, we can conclude 
that Fj^ G Aej- 

We remind the dehnition of the energy of a measure u G M{F) in 

the presence of the external held V~^ (i.e., the /i-weighted energy): 


IM ■■=- log k - C\diy{z)diy{C) + 2 / V->^{z)diy{z). (19) 


In accordance with this dehnition, and that of the measure we have 


iM) = - / / log k - + 2 / 


login -C,'‘M''( 2 )<i!'(C) + 2 / V ‘‘(4)dv(z). 

Subtracting equality (0) from the latter, we get a formula which describes 
the increment of the energy of the measure u in the held V~^ under the 


mapping z z^: 

IM) - w = ■ 


log 


^-c 


du{z)du{C) + 2 / / log 




z-C 


dn^Qdp^z) 


+2 


logj^l + 

+2t 


= Re|- 

th^{z) 
z-C 
K{z) 


iog|i + dhh)_WM|rf„(,)rf^c) 


^-C 

d^{C)di^{z) ^ = Re< —t 






dv{z)dv{C) 


^ _ ^(i/i(C)di/(^)|+0(f ) = RefFu,,^(i/) + 0(f ), (20) 


where 

HwA’z) ^ ~ jj diy{C)diy{z) +‘^ jj j^diJ,{C)diy{z). (21) 
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Applying equality (PD| ) to the measures np and at^h-, where at^h, hi the 
class M{F) is such that {(yt,h)t = V'fF obtain two equalities 

= RetH^,,{Jip) + 0{e) = 0(t), (22) 

I^{JiFh) - + 0{t^) = 0{t). (23) 

It is well known that for each compactum K whose intersection with 
S{^) is empty, the following equalities are valid: 



inf 4(i/) 

u&M{K) 

(24) 

and 


cap^ K = e Fi^^K)_ 

(25) 

Therefore, 


and I^,{{nF)t) ^ 

(26) 


Using (|23[) , the second inequality in (|26|) and (^), we arrive at 


+ 0{t) ^ Ifj,{{lXF)t) + 0{t) — + 0{t), 

Combining this inequality and the first inequality in (^) we obtain, by letting 
t —^ 0 

I^{^f)- (27) 

It is well known that JIk is the unique measure in M{K) for which (P^ 
holds. Taking into account this observation, the principle of descent ||I8| , 
chapter I, §3, Theorem 1.3] and we deduce that at^h converges weakly 
to the measure /li? as f —?• 0. This yields 


lim 7/.UJ ^((T^/j) (28) 

t—>-0 

As noticed previously, G ^ej for all t small enough. Under the 
conditions of Theorem |l], the compactum F is the /i-minimizing element 
in ^Ej- Thus cap^F ^ cap^F/*, which thanks to (pSf) , is equivalent to the 
inequality Ifj,{pF) ^ Using this inequality, the first inequality in (pG]) 

and equality (p^, we obtain 

0 ^ ^ ffo /j) T 0(t ), 
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Since the parameter t —)■ 0 is arbitrary, the latter inequality is possible only 
if lim^^o= 0- From here and from (|^ we obtain 


0. 


(29) 


Applying the dehnition (pT]) to n = fip on the left hand side of equality 
as well as the explicit representation of the function hw{z) = we 

rewrite as follows: 

Ap(z) 


^p(C) 


+2 


{z-w){z-C) {C-w){z-C) 

Ap{z) 


dfiFiz)dfiF{C) + 


{z-w){z-C) 


djj.{()djjF{z) = 0, wgC\{E{JF). (30) 


We note that 


Ap{z) - Ap{w) = {z - w)Ap^i{z, w), 

where Ap^i{z, w) is a polynomial of degree p—1 in each variable 2 ;, w. Therefore, 

Ap{z) _ Ap{w) ^ Ap^i{z,w) _ Ap{w) / 1 _1 \ ^ Ap^i{z,w) 

{z-w){z-C) {z-w){z-C) z-C C-w\z-C z-wj z-C 

(31) 


We also note that the expression 

Ap{z){w - C) + ^p(w^)(C - z)+ Ap{Q{z - w) 

is a polynomial of degree p in each variable z,wXj with zeros at z = w, 
z = C, w = (. Thus 


Ap(z) 


+ 


Ap{w) 


+ 


^p(C) 


= Ap^2{z,w,C), 


{z-w){C-z) {w-C){z-w) {C-z){w-C) 

where Ap^ 2 {z, w, () is a polynomial of degree p—2 in each z, w, (. Consequently, 
z^piz) ^p(C) _ A Ap{w) 


= -Ap,2(^,w,C) - 


(32) 


{z-w){z-Q {C,-w){z-Q ’ ’ ’ {z-w){C,-w)' 

For to G C \ (F^UF) we obtain, by substitution of (^) and (^^ into (^OD, 


0 = 


(Ap^2{w,zX) + 7 -- ^dpF{.z)dpF{,C)+ 

V {z-w)[C,-w)J 
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Ap{w) 

( — w \z — C. z — w 


1 \ ^ Ap,^{w,z) 


^-c 


= Ap^:<,{w) +Ap{w)ippp{wf+ 2Ap{w) [ dfi{C) -2Ap{w)ippp{w)ipp{w), 


C-w 


where 


^P,3{'^) = jj 2^p,2{'^^^X)dfiF{z)dfiF{,0 + 2 jj 

is a polynomial of degree not greater than p — 1. The integrals 




and ^„(U.) = /'ihM. „^c\(EuF). 


z — w 


z — w 


represent the Cauchy transformations of the measures and p, respectively. 
Rewrite the equality which we obtained as follows: 

= Vpiiwf - -2 [ (33) 


Ap{w) 


( — w 


Denote the right hand side of (|33[) by R{w). The function R{w) is meromorphic 
on F, and has poles only at the zeros of the polynomial Ap{w). 

By virtue of (p3D, we derive for the multi-valued complex potential [z) 

of the charge fj, — Jif 

;= [ log(z - C)d{Jlp - /i)(C) = 


dw )(i(pF-/i)(C) = / {v^^J.iw)-^PJlpiw))dw = / ^/R{w)dw. 


w-C 

Hence, for the corresponding real parts we have 






z) = Re 


a/ R{w)d' 


w 


(34) 


It follows from that ^^{z) is, up to a constant Wp, identical to 

G^z). 

Hence, by (|3^) and in view of the fact that Gp = 0 on F, 


Gp{z) = Re / a/ R{w)dw , where a ^ F . 
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Since F = {z : Gp{z) = 0}, we have 


F = 



Thus, F consists of a hnite number of analytic arcs, the endpoints of which 
belong to the union of the set {oi,..., Op} and the set of zeros of the function 
R. 

Below we prove that the compactum F is symmetric in the external 
held V~^ (or, in the other words, we establish equality (§)). Let ( ^ Fq. 
Denote the limit values of the gradient of the potential 

Since = const for z E F, then F turns out to be a level curve of 

yM-MF g ^ equipotential curve), which implies 





W ' 

H- 

— 

v±v™(C) 


CeFo. 


On the other hand, = ReTl^“'^^ and ———(() = R{C)- Hence, 

at, 





dC 


= |/R(C)I. (eC\F. 


Therefore, IV+V'^ ^^(C)| = |V_V^ ^^(C)| which in turn yields that 




dn^ 


(0 




dri- 


(C) 


, CeFo. 


Since Gp{z) = Oioi z E F and Gp{z) > 0 for 2 ; e C\F, we have 
0, ( E Fq. From here we derive the equality 


dn± 


(C)> 


dn^ 


(C) 


dri- 


( 0 , 


CeFo, 


which coincides with (^. 

Now, let the connected component G of the complement of F be such 
that G n F = G n S{fi) = 0. Then the function on the left hand side of 
the equality (p^ is harmonic in the domain G and equals a constant on 
dG C F. Thus this function is identically constant on G. The last statement 
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contradicts the right hand side of (|5^). Consequently, each connected component 
of F has necessarily a nonempty intersection with E. Since E = U7=.E, G 
£rm then each connected component contains entirely one or several continua 
Ej, j = 1,... ,m. 

The proof of Theorem ^ is complete. 

4 Proof of Theorem @ 

Without loss of generality, we may assume that E = [a, h] is located on the 
real axis, and a^—1,6 = 1, ^0 = 0. Given fc G M, the linear function z ^ kz 
maps E onto the closed interval E^ = [ka, k], where ka ^ —k. 

By this, the measure fi G M{E) transfers to a measure Hk G M{Ek), 
where fik{B) = fi{{z : kz G B}); therefore, djjikikz) = djj,(z). 

Consider the multi-valued analytic function 

f{z) = 


where 


ai 


-2 3i 
16 


02 


2 + 3i 
16 


03 


—2 — i 2 — i 

16 ’ ^ 16 


Since for the branch points of / we have Im Oi, Im 02 > 0 and Im 03 , Im 04 < 0, 
we can take a holomorphic branch f* of / on M, determined by the condition 
/*(oo) = 1. Clearly, f* G A{Ek) for every k = 1,2,_ 

Denote L the union of the diagonals [ 04 , 04 ] and [ 02 , 03 ] of the square 
with vertices at the points oi, 02 , 03 , 04 . We keep the notation fi for the 
holomorphic branch of / in the domain C \ L determined by the condition 
/l(oo) = 1. 

We easily see that the proof of Theorem ^ will be completed, if we show 
that there exists a number /c G N such that for all F G Ae^j* the inequality 


cap^, F> ^ inf cap K 


(35) 


holds. Furthermore, we show that inequality ([35|) is true for all sufficiently 
large k and all F G 
Let 

M^) :=V-^{k-^z)-V-^{0). 
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Because of the conditions imposed on the measure /r, the potential V^{z) is 
continuous at the point z = 0. This implies the uniform convergence of the 
sequence of functions ipk on each compact set if C C, in particular, on the 
disk D = {\z\ ^ 1}, as well: 

'ipk{z) =10, z ^ D, k ^ oo. (36) 

We observe that the spherically normalized potential V^^{z), given by the 
equality (|I]), differs from the standard potential V^^{z) by a constant. From 
here and from dukihr) = we obtain 

y-Mfe(2;) = V~^'‘{z) + Ck = J log I2; - t\diJk{t) + Ck 

= j log \k{k~^z - r)|ci/i(r) + Ck = \ogk + Ck + ld“^( 0 ) + -ipkiz). 

Now, considering (^, we conclude that the inequality (|35|) is equivalent to 
the inequality 

capp,(F) > inf cap^^(if). (37) 

Denoting pk = explmax^g^) |-^fc(z)|}, we get for pk ^ I the estimate 

p-i ^ gddd zeD. 

Furthermore, by (^), limfc_j.oo Pfc = 1- From here and from (|^), after assuming 
that if C D, we deduce the estimates of the capacity cap^^ if (from below 
and above) in terms of the standard capacity cap if, namely 

cap if ^ cap^^ (if) ^ pI cap if. (38) 

Assume that the assertion that the inequality (|37[) holds for all k starting 
from a number k^ and for all F G is false. Then there is an increasing 

sequence of natural numbers and compacta Fk. G ^Ek j* such that 

for all j = 1 , 2 ,... 

caPp, = inf cap^ (i^). (39) 

1 J 

Kj 

Without loss of generality, we may suppose that each compactum Fk^ contains 
at most two continua, and each of these continua contains a pair of points 
from the set {oi, 02 , 03 , 04 }, see Q, Lemma 15]. 
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We first establish the inclusion C D for all sufficiently large j. For 
this purpose, we observe that K* = [ 01 , 02 ] U [ 03 , 04 ] G and that K* 

is contained in the disk of radius centered at Oq = n«/4 = 2~H. 

Therefore, after taking into account the second inequality in (|38[) , and the 
equality limfc^oo Pfc = 1 , for j large enough, say j ^ jo, we derive the estimate 




On the other hand, if the compactum F^. G (consisting of at most two 

continua, each of the latter containing two points from the set {oi, 02, 03, 04}), 
is not lying in the disk D, then Fk contains some continuum Ft. located in 
D and combining some point on the circle {|z| = 1} = dD with some of the 
points Oi, 02 , 03 , 04 . The distance from each of these points to dD is not 
smaller than 1 — 2~‘^^/T3. Therefore, 

capFk. ^ capF^^, ^ 2“^(1 — 2“'^\/l3) > 0.19. 

Hence, by the hrst inequality in (^), for sufficiently large j, say j ^ ji, we 
have 

cap^.X^fci) ^ c&pFk^pt^ > 0.l9pt^ > 0.18. 

The latter inequality and (|i0| ) yield for every j ^ max{jo, ji} 

inf cap. (i^), 

J k&sxe.j* j 

] 

which contradicts (|3^ . Consequently, F^^ C D for all j ^ max{jo, ji}. 

From the inclusion Fkj C D and from the relation F^^ fl Ek^ = 0 we 
obtain, in particular, that for j ^ max{jo, ji} the set Fk^ consists exactly of 
two continua Fjt. and Fjt.', the former lies in H fl {Imz > 0 } and connects oi 
with 02 , the latter is located in H fl {Im^; < 0 } and connects 03 with 04 . 

Recall the dehnition of the distance between two compacta Ki,K 2 C C 
in the spherical Hausdorff metric, that is: 

Ph{Ki, K 2 ) = inf{5 : C and K 2 C K(}, (41) 


where 

= {z: d{z, K) < 6}, d{z,w) = \z-w\{l + \z\Y^/\l + 

( 42 ) 
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The notation Kn —)• K stands for convergence of compacta Kn, n = 
1,2, , to the compact K in the spherical Hausdorff metric. We remind 
that from each sequence of compacta Kn C C one can extract a convergent 
subsequence. 

We may suppose without loss of generality that the sequence of 

natural numbers is such that the sequences of continua and 

converge as j —)■ oo to some continua and F~ , respectively (if needed, we 
pass to subsequences). It can be easily seen that F := (F+ U F~) E 
where denotes that set of compacta K, consisting of the union of 

continua U K~ , where C F fl {Imz ^ 0 } and connects the point ai 

with the point 02, whereas K~ C F fl {Imz ^ 0 } and connects 03 with 04. 
We show that 

capF= inf capF. ( 43 ) 

In fact, let 

: {Imz ^ 0 } !-)■ {Im^; ^ and S~ : {Imz ^ 0 } i-)- {Im^ ^ 

denote the transformation, determined in the following way: 



Re;^ + i 



if Imz > j 
if 0 ^ Imz ^ j~^. 


Srz 



li K = (F+ U K-) E then we let SjK = {S+K+) U (^’F"). We 

easily see that if F G then SjK E SjK -E K as j ^ 00. 

Hence, from (p^), in view of (^ and that \imPk = 1 , we obtain that for 
each F G 

capF = lim cap S',F = lim cap.,. {SjK) ^ lim cap^ {Fk ) = capF^, = capF, 

j^OO j—^OO ^^3 j—^OO ^^3 ^ j—^OO ^ 


From here, we derive the equality 

For p = 4 and p = 5 denote by the intersection of L with the halfplane 
{Imz ^ 2 “^}. Recall that oq = — 2 ~^i. Therefore, L4 is a union 

of the upper halfdiagonals [ai,ao] and [00,02] of the square with vertices 
at the points 01,02,03,04. We show that L5 \ F+ 7^ 0. In fact, otherwise 
F"*" F L5 D L4, whence. 


cap(L4 U F ) < cap(L5 U F ) ^ cap(F’'' U F ) = cap F. 
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This inequality contradicts (^), thanks to the fact that (L 4 U F ) G 

Thus, there is a point z* E L^\ F+. Denote the balayage of the 
measure fikj onto Without loss of generality, we may suppose that 
the sequence of measures (passing to subsequences, if needed) 

converges in the weak sense 

J 00 . (44) 

Since —)■ F, we have supp fi*p C F. From z* E L^\ F+ C L\F, it follows 

that fi*p 7 ^ where is the equilibrium measure of the compactum L (in 
the absence of an external field). 

Fix some (F,/r)-table of points of interpolation F„ = {e 2 n+i,i}‘i=i^ 1 = 

1, 2,.... Then kjE^ = {kje2n+i,i}‘f2t\ n = 1, 2,..., is an (F*.., /x^J-table. 

We get from our assumption (^^, after applying Theorem |T] and the 
Corollary of Gonchar-Rakhmanov’s theorem, that for all j = 1,2,... 

1 

/^Ffc , n-)■ cx), (45) 

Tl Vn J 

where Qn is the denominator of the Fade approximants of the function f* E 
A{Ekj), constructed with respect to the (F^.^.,/ifc^,)-table of the interpolation 
nodes kjEn. 

Let C{D) be the space of all continuous functions on D. Select some 
countable and everywhere dense set of functions gi,g 2 ,... in C{D) ; write, 
for Ui, 1/2 E M(D) 


pi.Fi, U2) . g 2Pmax^eB \gpiz)\ 


gpdizi - / gpdv2 


We note that 


pi^i, F 3 ) ^ p(z/i, z/ 2 ) + p(f 2 , z/ 3 ). (46) 

Moreover, in view of (^ (the definition of weak convergence), for E 

M(F) 


h>j -E u, j —)■ 00 


lim piiZj, v) = 0 . 


J^OO 


(47) 


In particular, relations (^ 4 ]) and (| 45 D can be rewritten as equalities; namely. 


lim p(/rF ,/ip) = 0 and lim p\ -5k^,pF.. = 0. (48) 

j^oo d n^oo \ 72 
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Denote Jn,j the set all indices / G {1,..., 2n + 1} such that \e 2 n+i,i\ > 
and let \Jn,j\ he it’s cardinality. We get from the dehnition of {E,fi)-tahle 
that for all n ^ n{j) 

I J„,y|/(2n) J t,(E \ [-kf\ kf^]) - kj\ (49) 

Along with the sequence that we already constructed, we introduce 

a sequence of natural numbers according to the following scheme. 

We £x arbitrarily a starting number ni G N. Suppose that the numbers 
ni,... jUj-i have already been found, and select the number rij in such a 
way that rij > max{nj_i, n(j)} and 


P 


(5 fe.,-, 
rij 




^ k 


-1 


(50) 


Such a choice of the number rij is possible thanks to the second equality 
in (|48D . 

Hence, the numbers kj and rij are dehned for all j = 1,2,. 


Set n*j = 


taking into account the obvious inequality \ ^ 2?7,j +1, we obtain 

that inequality (^9|) and condition (|T^ lead to 


limn*/?7,j = 2. (51) 

j^oo 


Let 


H"! 

Tn,(~) = n 

1=1 

We note that degcj^^. = n*, the polynomial divides 
1 /2 

\z\ ^ kj and for each z E D, the inequalities 


1 - 


kj(i2ni 


+ 1 ,/ 


, UJui^z) = JJ 


1 - 


kj 


—)■ 

e2nj+l,lj 


is zero-free for 


l-k 


- 1/2 


^ \(^nAz) \ ^ il + k 


,- 1/2 


(52) 


hold. Thus, the functions (^) = ^/^nj{z), j = 1,2,..., are holomorphic 
in the disk D and 

— log|T„ (z)! 0 = zED. (53) 

77,4 
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We remark that the compactum L is symmetric in the external held = 0 
(in other words, in the absence of an external held), the complement C \ L 
is connected and Jl G 'Ho(C \ L). From the above consideration it follows 
that the compact set L, the neighborhood = {|z| < 1} of L, the measure 
/i = 600 , the sequence of functions \k„ ., and the function satisfy conditions 
l°-4° in Gonchar-Rakhmanov’s theorem (after replacing the entire set of 
natural numbers by the sequence {rij}^^). We later return to this version 
of Gonchar-Rakhmanov’s theorem, a bit stronger than the original. Before 
applying this statement we check whether the polynomials Qn] of degree not 
greater than nj satisfy the following orthogonality conditions; 

^ Qn^{t)'^nj{t)fL{t)t’'dt = 0, u = 0,l,...,n*-nj-2 (j = l, 2 ,...); 

(54) 

where we integrate along a contour encircling L and close enough to it. 

In fact, /l(z) = f*{z) = fPk.iz) for all z E C\D, j ^ max{jo, ji}, where 
/f, , is the branch of / holomorphic in the domain C \ . and determined 

by the condition fp^ { 00 ) = 1. By dehnition of Bade approximants of the 

function fp^, E A{Ekj), the difference {Qn]fp^.^ —Pn]){z) vanishes at all zeros 
of the polynomial Tn {z) and, in particular, at all zeros of the polynomial 
Unj{z). Because of the fact that all zeros of Un^iz) belong to the set {\z\ > 
ky^} C C \ D, on which fp^ = /l, we come to the conclusion that 

- ^e?f(C\L). (55) 

UJnj 


The left hand side of the inclusion (^5]) is of order 0(l/zG "'^) as z ^ cxo. 
Therefore, for all i/ = 0,1,..., n* — Uj — 2 

/nG f _ 

rij 


(jJr 


{t)Edt = 0. 


(56) 


Since all zeros of the polynomial uJnAz) are lying outside of D D L, we get 



0 , = 0 , 1 ,.... 


(57) 
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Hence, equalities 


can be rewritten as follows: 


Qn^h 


{t)t^dt = 0, 1/ = 0,1,..., n* — Uj — 2, 


which coincide with (M) . 

Now, let us address to the relations (Q) and (^). Notice that in ([^ ) the 
indices v = n* — tij — 1, ... — 1 are absent. It follows from (^l[) that the 

number 2nj — n* + 1 of absent relations does not exceed o{nj). Taking this 
into account and repeating verbatim the proof elaborated by Gonchar and 
Rakhmanov, we see that statement (i) of Gonchar-Rakhmanov’s theorem 
follows from relation (^) just as from relation (II)- Gonsequently, by the 
stronger version of statement (z) in Gonchar-Rakhmanov’s theorem. 


—6 kj A j —)■ oo, 


(58) 


where stands for the equilibrium measure of the compactum L (in the 
absence of an external field). 

On the other hand, inequality yields that 


P 


flj Q nj 


’ Pf ) ^ d( „ Ab' y PF^. ) T PiPFk. y Pf') 


Hj 0 


Now, considering inequality (pU] ) and the first equality in 
the equality 

lim p(—S k^,fi*p] = 0 , 

J^OO yrij j 

which is equivalent to the relation 


we arrive at 


— Ab' ^ P*Fy j oo. 
rij Qnj 


(69) 


As noticed before, A^'^ 7 ^ /i^. Thus, 
of Theorem |] is complete. 


contradicts (^). Therefore, the proof 
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